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On lowest energy states of O(N) fermionic chain
Tigran Hakobyan∗
Yerevan State University, 1 Alex Manoogian Street, Yerevan, 0025, Armenia
A quite general finite-size chain of fermions with N internal degrees of freedom (flavors) and O(N)
symmetry is considered. In case of the free boundary condition, we prove that the ground state in
the invariant sector with m odd flavors is represented by a single rank-m antisymmetric multiplet.
For the even-length chains, its particle-hole quantum number (if is a good one) is given by the parity
of the m. For the odd-length chains, the particle-hole symmetry leads to the twofold degeneracy
among the conjugate multiplets. Similar statements are proven for the O(N) mixed-spin chains in
antisymmetric representations. The results are extended to the long-range interacting fermions and
(partially) to the translation invariant chains.
I. INTRODUCTION
The degeneracy and quantum numbers of the ground
state have an important bearing on the low-temperature
behavior of quantum systems. Apart from various nu-
merical and approximate approaches, there are certain
explicit methods to reveal them for the spin and fermion
lattice systems. One such approach is based on the ex-
istence and properties of the nonpositive basis. It was
used for the first time during the proof that the ground
state of the spin- 12 translation invariant antiferromag-
netic Heisenberg model with an even number of sites is
a unique spin singlet [1, 2]. Despite of the quantum fluc-
tuations, the degeneracy degree and spin of the quan-
tum ground state coincides with its classical counterpart
given by the Neel state. Using the structure of the SU(2)
spin multiplets, this property was extended to the anti-
ferromagnetic systems with arbitrary spins on bipartite
lattices [3], repulsive Hubbard [4] and periodic Anderson
[5] models at half filling. Similar features was established
for a more common class of the SU(2) invariant fermionic
chains [6].
The extension to the SU(N) symmetric spin and
fermionic chains was formulated and proven too [7–12].
In some cases, the uniqueness of the lowest level multi-
plets in the sectors with fixed total spin values and the
antiferromagnetic ordering of related energies was estab-
lished too [3, 6, 10, 12]. The higher symmetries may
emerge at special values of the parameters, in case of or-
bital degeneracy [13], as well as at the quantum critical
point in the low energy limit. One can mention in this
respect the SO(5) symmetry unifying the antiferromag-
netism and high-temperature superconductivity [14] (for
the review, see Ref. [15]). Moreover, the experimental ca-
pacities now enable to fabricate and control the artificial
quantum systems based on the ultracold atoms trapped
in optical lattices. In particular, the fermionic alkaline
earth atoms realize quantum models possessing the uni-
tary symmetry [16] (see Ref. [17] for the review).
In this article we study a finite-size chain of interacting
fermions endowed with the N internal degrees of freedom
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(spins or flavors). The model is defined in terms of the
usual (complex) and Majorana (real) fermions. We take
advantage of both formulations. Note also that the sec-
ond representation is actual due to the recent interest
on the interacting Majorana fermions [18]. The Hamil-
tonian remains invariant with respect to the O(N) rota-
tions in the flavor space (including improper ones). It
has quite general multi-fermion interactions. In contrast
to its U(N) invariant counterpart, the system does not
preserve the total number of particles with a given fla-
vor. Instead, it keeps the related parities. The parity
operators constitute the discrete subgroup of reflections
with respect to the flavor directions, Z×N2 . Their eigen-
values σ = ±1 (even/odd) define the invariant subspaces
of the Hamiltonian. Such subspaces have equal dimen-
sions and can be mapped to each other by the Majorana
fermion operators. Moreover, the σ-subspaces with the
same number of odd flavors, m, are degenerate and com-
bined into a single invariant sector.
For a wide range of coupling constants, we prove that
the lowest energy O(N) multiplet in any such m-sector
is unique and represented by a m-th order antisymmetric
tensor. The components form the nondegenerate lowest
energy states (the relative ground states) in the corre-
sponding σ-subspaces. Thus, the ground state in the
m = 0 sector (where all parities are even) is a unique
O(N) singlet. At the same time in the m = N sector
(where the parities are odd), it is a unique pseudoscalar
(i.e. behaves as a singlet under proper rotations while
changes the sign under improper ones). An additional
degeneracy is not banned and may happen for special
values of couplings with accidental symmetries. In par-
ticular, in the limit of the N decoupled Kitaev chains
[19], the total ground state breaks completely the Z×N2
symmetry.
We consider also the Hamitonians with the particle-
hole symmetry. The related Z2 group commutes with
the SO(N) symmetry. The impact on the spectrum de-
pends on the parity of the chain’s size. For the even
length chains, it is consistent with the whole O(N) sym-
metry, including improper rotations. The lowest energy
states acquire a particle-hole quantum number given by
the parity of m. For the odd chains, this map alters all
parities, σ → −σ, which leads to an additional twofold
2degeneracy.
We examine also in the same context the O(N) mixed-
spin chains in the antisymmetric representations. They
emerge at the particular limiting values of the parame-
ters when the on-site particle numbers become persistent.
The total parity turns into a constant, dependent on the
chain’s size, so that the independent reflection genera-
tors form a Z
×(N−1)
2 group. It is argued, however, that
the aforementioned results on the uniqueness and O(N)
structure of the relative ground states remain valid for
the spin chains too. The results extend our previous
studies of the bilinear-biquadratic Heisenberg model with
spins in the vector representation [20].
The long-range interactions may also be involved into
the fermionic Hamiltonian in a way to maintain the above
properties of the nearest-neighboring chain. The distant
interaction contains an additional sign-valued tail de-
pending on the intermediate fermions. Finally, we show
that for the translation-invariant chain, the lowest energy
state in the odd-parity sector has zero momentum.
The article is organized as follows. In Sec. II we de-
scribe in detail the model and its symmetries in terms
of the standard and Majorana fermions. Sec. III the
properties of the invariant subspaces and sectors are de-
scribed. Then the basis, where all off-diagonal elements
of the Hamiltonian are nonpositive, is presented using
the standard and Majorana fermions, as well as hard-
core bosons. Finally, the aforementioned result about
the O(N) structure of the lowest energy states is proven.
In Sec. IV this result is extended to the fermionic chains
with the particle-hole symmetry. Sec. V is devoted to the
fermionic chains with long-range interactions, translation
invariance and the mixed-spin chains in the antisymmet-
ric representation.
II. O(N) SYMMETRIC FERMIONIC CHAIN
A. Standard fermions
Consider the extended Hubbard chain of length L de-
scribed by the Hamiltonian
Hˆ =−
∑
x,a
(
txc
+
x+1,acx,a + rxcx+1,acx,a + h.c.
)
−
∑
x,a,b
(
fxc
+
x+1,bc
+
x,acx+1,acx,b − gxc
+
x+1,ac
+
x,acx+1,bcx,b
+ hxc
+
x+1,ac
+
x+1,bcx,bcx,a + excx+1,acx+1,bcx,bcx,a + h.c.
)
+ V (n1, . . . , nL).
(1)
The open boundary conditions are supposed so that the
position index in the sums, x, varies from 1 to L − 1.
There are N different species (flavors) of fermions, which
are labeled by a, b. The creation-annihilation operators
c±x,a obey the standard anticommutation relations.
The potential V depends on the local fermion occupa-
tion numbers,
nx =
∑
a
c+x,acx,a.
Its explicit form does not matter here. The Hubbard
potential, V =
∑
x n
2
x, is a particular case.
The coupling coefficients in the Hamiltonian depend on
the fermions’s position. In this article we will set them
positive. More explicitly, we impose
tx, rx > 0, fx, gx, hx, ex ≥ 0. (2)
These conditions may be even weakened, see (52) below.
The t-term in the Hamiltonian describes the single
fermion hopping between neighboring sites. The r-term
is responsible for the creation-annihilation of the super-
conducting fermion pairs of same flavor. The remain-
ing part of the Hamiltonian is responsible for the four-
fermion interaction. The f -term swaps the fermions with
different flavors on adjacent sites, |ab〉 → |ba〉. The g-
term replaces a pair of adjacent fermions of a same type
with an other-type pair, |aa〉 → |bb〉. The h-term moves
a fermion pair providing the system with pair-hopping
opportunity. Finally, the e-term creates and annihilates
four neighboring particles, two ones per node.
For N = 1 with single fermion per site, the pair-
hopping term disappears. The remaining two four-
fermion interactions are reduced to the density-density
interaction between adjacent sites, which may be in-
cluded in the potential,
Hˆ =−
∑
x
(
txc
+
x+1cx + rxcx+1cx + h.c.
)
+ V + δV,
δV = 2
∑
x
(fx − gx)nx+1nx.
(3)
For the special case when V + δV is set to the chemical
potential, the system can be considered as a local analog
of the Kitaev chain [19].
For N > 1, the Hamiltonian (1) is invariant under the
global SO(N) rotations,
[Hˆ, Lˆab] = 0, Lˆab =
∑
x
Labx , (4)
where the local rotations are provided by the generators,
Labx = ı(c
+
x,acx,b − c
+
x,bcx,a). (5)
3Neither the number of particles with a given species,
nˆa =
∑
x
c+a,xca,x, (6)
nor the total number of particles is conserved in the sys-
tem. Instead, as is easy to see, the related parities are
good quantum numbers. They are described by the a-
type fermion number parity operators,
[Hˆ, σˆa] = 0, σˆa = (−1)
nˆa . (7)
Such reflections generate the Z×N2 group. Together
with the continuous rotations they make up the orthogo-
nal group O(N) composing the internal symmetry of the
fermionic chain (1).
Note that the product of two distinct reflections define
a π-rotation in a plane inside the flavor space,
σˆaσˆb = e
ipiLˆab .
Such rotations form together a subgroup Z
×(N−1)
2 .
According to the Pauli exclusion principle, every site
can be occupied by at most N fermions. There are 2N
such states. The one-particle states, c+a |0〉, form the
defining representation of O(N). Due to the Fermi-Dirac
statistics, the multi-particle states,
c+a1 · · · c
+
am |0〉, (8)
comprise the
(
N
m
)
-dimensional antisymmetric multiplet.
The empty and completely filled nodes are, respectively,
a scalar and pseudoscalar.
The SO(N) structure of the single node states is trick-
ier [21]. The conjugate multiplets with m and N − m
fermions become equivalent. Moreover, in case of two
flavors, N = 2, the group SO(2) is abelian. Then the
single particle representation is reducible and splits into
the symmetric and antisymmetric combinations.
At the limiting point where two couplings vanish, rx =
gx = 0, the symmetry is expanded to the unitary group
U(N). The additional generators are provided by the
symmetrised bilinear components,
Tˆab =
∑
x
T abx , T
ab
x = c
+
x,acx,b + c
+
x,bcx,a. (9)
The diagonal part consists of the fermion number opera-
tors, nˆa =
1
2 Tˆaa which are preserved in this case.
In order to reveal the structure of the Hamiltonian (1),
let us preset it in the form
Hˆ =
L−1∑
x=1
(
Hx+1x +H
+
x+1x
)
+ V ′(n1, . . . , nL) (10)
with the slightly modified potential,
V ′ = V + 2
L−1∑
x=1
fxnx+1. (11)
Next, express the local Hamiltonian via the double-
fermion operators (we set y = x + 1 to shorten the for-
mula),
Hyx =− txKyx − rxPyx − fxKyxKxy − gxP
+
yxPyx
− hxK
2
yx − exP
2
yx.
(12)
Here we have introduced the two O(N) invariant bilinear
combinations of fermionic operators,
Kyx =
∑
a
c+y,acx,a = c
+
y · cx,
Pyx =
∑
a
cy,acx,a = cy · cx.
(13)
Notice that the Kyx possesses a larger, U(N), symmetry
while Pyx does not.
The equivalence of the representations (1) and (10) is
easy to establish using the canonical anticommutation re-
lations. Note that the operators (13) obey the conditions
K+yx = Kxy and Pxy = −Pyx, as well as the following
commutation rules,
[Kxy,Kyx] = nx − ny, [P
+
yx, Pyx] = nx + ny,
[Kxy, Pxy] = 0.
(14)
The usual Heisenberg interaction between neighboring
SO(N) spins is expressed via them as
Ly ·Lx =
∑
a<b
Laby L
ab
x = −K
+
yxKyx − P
+
yxPyx. (15)
The spin exchange term appears in the Hamiltonian, for
instance, when the parameters obey the condition fx =
gx.
B. Majorana fermions
In this section, the initial Hamiltonian (1) is rep-
resented as an O(N) chain of interacting Majorana
fermions.
It is well known that a single complex fermion is equiv-
alent to a pair of real, or Majorana fermions. The relation
among both representations is provided by the map [19]
c±x,a =
γ
(1)
x,a ∓ ıγ
(2)
x,a
2
, (16)
and its inverse,
γ(1)x,a = c
+
x,a + cx,a, γ
(2)
x,a = ı(c
+
x,a − cx,a). (17)
The Majorana fermions are identical to their own an-
tiparticles and described by the Hermitian unitary op-
erators γ
(λ)
x,a, with the upper index λ = 1, 2 separating
individual particles in the pair. These particles become
quite popular recently, see Ref. [22] for a short review on
the subject.
4The Majorana operators generate the 2NL-
dimensional Clifford algebra,
{
γ(λ)x,a, γ
(λ′)
y,b
}
= 2δabδxyδλλ′ .
The number of a-type on-site fermions and its parity can
be expressed via them,
2nx,a − 1 = ıγ
(1)
x,aγ
(2)
x,a, σx,a = −ıγ
(1)
x,aγ
(2)
x,a. (18)
As a result, the overall parity (7) is just a product of all
Majorana operators with a certain phase factor ensuring
the involutivity [23],
σˆa = (−ı)
L
L∏
x=1
γ(1)x,aγ
(2)
x,a. (19)
It is worth mentioning that in the Dirac matrix context,
it corresponds to the chiral gamma-matrix which anti-
commutes with all γ-s of the same type,
σˆa = γ2L+1,a. (20)
The right/left chirality sectors then correspond to the
states with even/odd parities respectively.
The local symmetries (4) and (9) can be also expressed
in terms of Majorana fermions. The rotation generators
in this form are known from the spinor representation of
the orthogonal group,
Labx =
ı
4
∑
λ=1,2
[
γ(λ)x,a, γ
(λ)
x,b
]
. (21)
The local building blocks of the Hamiltonian are ex-
pressed through the Majorana operators in the following
way,
Kyx =
1
4
∑
a
(
γ(1)y,aγ
(1)
x,a + γ
(2)
y,aγ
(2)
x,a
)
+
ı
4
∑
a
(
γ(1)y,aγ
(2)
x,a − γ
(2)
y,aγ
(1)
x,a
)
, (22)
Pyx =
1
4
∑
a
(
γ(1)y,aγ
(1)
x,a − γ
(2)
y,aγ
(2)
x,a
)
+
ı
4
∑
a
(
γ(1)y,aγ
(2)
x,a + γ
(2)
y,aγ
(1)
x,a
)
. (23)
In both expressions, the first sum is antisymmetric un-
der the exchange of the coordinates x and y. Hence,
it disappears in the double-fermion part of the Hamil-
tonian. In contrast, the second sum is symmetric and
participates there.
In Majorana representation the fermionic Hamiltonian
(10) acquires the following explicit form,
Hˆ =−
ı
2
∑
x,a
[
(tx + rx)γ
(1)
x+1,aγ
(2)
x,a − (tx − rx)γ
(2)
x+1,aγ
(1)
x,a
]
+ V + δV
+
1
8
∑
x,a,b
∑
λ=1,2
[
(fx + gx − hx − ex)γ
(λ)
x+1,aγ
(λ)
x,aγ
(λ)
x+1,bγ
(λ)
x,b + (fx + gx + hx + ex)γ
(λ)
x+1,aγ
(λ¯)
x,aγ
(λ)
x+1,bγ
(λ¯)
x,b
+(−fx + gx − hx + ex)γ
(λ)
x+1,aγ
(λ¯)
x,aγ
(λ¯)
x+1,bγ
(λ)
x,b + (fx − gx − hx + ex)γ
(λ)
x+1,aγ
(λ)
x,aγ
(λ¯)
x+1,bγ
(λ¯)
x,b
]
,
(24)
where the bar over λ = 1, 2 inverts the order of two par-
ticles in the Majorana pair, λ¯ = 2, 1. The potential V
depends on the local fermion numbers (18).
The above Hamiltonian describes N interacting Ma-
jorana chains [18]. In the absence of the four-fermion
interactions, it describes the N decoupled chains, any of
which extends the well-known Kitaev model, describing
tight-binding chains with p-wave superconducting pair-
ing [19], out of the homogenous point.
Recently, the Majorana representations of conventional
lattice fermions has been successfully applied for elab-
oration of sign-free Monte-Carlo algorithms [24], for
study the ground state degeneracy of interacting spin-
less fermions [25] using the reflection positivity [4]. We
apply it throughout the current paper, in particular, to
uncover the structure of the invariant subspaces and the
particle-hole map.
III. LOWEST ENERGY MULTIPLETS
A. Invariant subspaces
In this section we will describe the subspaces, which
remain invariant under the Hamiltonian’s action.
There are 2NL different states in the entire space VL.
We partition the VL into the 2N subspaces, each charac-
terized by its own set of reflection quantum numbers (7):
V Lσ1...σN = {ψ | σˆaψ = σaψ}. (25)
We call them σ-subspaces following an analogy with the
spin system [3]. Since the parities are good quantum
numbers (7), the Hamiltonian (1) remains invariant in
any σ-subspace.
All such subspaces are mapped to each other by a single
5Majorata operator γa = γ
(λ)
x,a,
γa V
L
σ1...σa,...σN = V
L
σ1···−σa...σN . (26)
In this way, any σ-subspace is obtained from a single one,
for example,
V Lσ1...σN =
N∏
a=1
γ
1
2 (1−σa)
a V
L
+···+. (27)
So, they have the same dimension:
dimV Lσ1...σN = 2
N(L−1). (28)
Sometimes is more convenient to label the invariant
subspaces by the values of odd flavors,
V La1...am := V
L
σ1...σN with σa =
m∏
i=1
(−1)δaia . (29)
Which notation of these two is used will be clear from
the context. The new one depends on a m-combination
of the N flavor’s set but does not on their order. Hence,
it is symmetric on the flavor indexes.
In contrast to the Hamiltonian, the orthogonal symme-
try mixes different σ-subspaces. Consider the symmetric
group of permutations between the flavors, SN ⊂ O(N).
It permutes the reflection operators and the indexes,
sσˆas
−1 = σˆs(a), sV
L
a1...am = V
L
s(a1)...s(am)
, (30)
where s ∈ SN , or, equivalently,
sV Lσ1...σN = V
L
σs(1)...σs(N)
. (31)
Due to this symmetry, the Hamiltonian has the same
spectrum on all invariant subspaces, which have the same
number m of odd parities, We unify them into the
(
N
m
)
-
fold degenerate sector of dimension 2N(L−1)
(
N
m
)
,
VLm =
⊕
a1<···<am
V La1...am . (32)
Clearly, the total space of states splits into the sum of all
possible sectors:
VL =
N⊕
m=0
VLm. (33)
B. Nonpositive basis
Here we pick up a basis where all nonzero off-diagonal
matrix elements of the Hamiltonian become negative.
This can be achieved by a specific rearrangement of the
fermions in the standard Fock basis, which results in an
additional sign factor [7, 12]. First, let us group together
the fermions with the same flavors and set them in as-
cending order by the coordinate. So, define
A{x},a = c
+
x1,ac
+
x2,a . . . c
+
xna ,a
, x1 < · · · < xna , (34)
where na is the total number of particles with the flavor
a in the building state. (In their absence, the above op-
erator is set to unity.) Then define the basic states in the
following way:
A{x1},1A{x2},2 . . . A{xN},N |0〉. (35)
Thus, the particles are arranged first by the flavor num-
bers, then by the coordinates. In other words, they are
displaced in the ascending order in their multi-index val-
ues when rewriting the above state in the standard way,
Ψx1...xna1...an = c
+
x1,a1 . . . c
+
xn,an |0〉 (36)
with n =
∑
a na. The order is defined as:
(x, a) < (y, b) if
{
a < b,
a = b and x < y.
(37)
In general, the wave function (36) is not a part of
a certain O(N) multiplet apart from the case when all
fermions are located on a single site (8), see also (42)
below.
Since the potentials V , δV are diagonal in the con-
structed basis, the off-diagonal matrix elements of the
chain Hamiltonian are generated exclusively by algebraic
combinations of the local operators Kx+1x, Px+1x and
their conjugates with positive coefficients, see (2), (10),
(12), (13). Therefore, it is enough to show the positivity
of the selected basis (35) for the K,P operators.
Indeed, due to the Fermi–Dirac statistics, the hopping
term c+x+1,acx,a acts nontrivially solely on the states with
the a-type fermion on the x-th position and without it on
the (x + 1)-th one [12]. The resulting action merely re-
places the creation operator c+x,a by the annihilation one,
c+x+1,a. Similarly, a pair annihilation term, cx+1,acx,a,
acts nontrivially on the states where both positions are
filled with a-fermions, which are presented in the basic
state (35) in reverse order, | . . . c+x,ac
+
x+1,a . . . |0〉. It just
eliminates both fermions, producing another basic state
without any factor. Clearly, the Hermitian conjugates of
both operators, the backward hopping, c+x,acx+1,a, and
pair creation, c+x,ac
+
x+1,a, act on the basic states in reverse
order. So, all matrix elements of the four considered op-
erators are either 0 or 1. Thus the operators Kx+1x,
Px+1x and their conjugates (13) can generate only inte-
gral matrix element from 0 to N .
The specific fermion ordering in the basic wavefunc-
tions (35) has a simple explanation in terms of the well-
known Jordan-Wigner transformation [2, 26]. Assign-
ing to each multi-index value the three Pauli matrices,
τ±, τ3, we get the system of hard-core bosons. Such par-
ticles behave alike fermions (bosons) at the same (dif-
ferent) points. Once we have set the ordering (37), the
6fermions and bosons are related by the Jordan-Wigner
transformation,
τ±x,a = c
±
x,a
∏
(y,b)<(x,a)
σy,b, τ
3
x,a = −σx,a. (38)
The building blocks of the Hamiltonian (1), expressed in
terms of the Pauli matrices, retain their structure,
c±x+1,acx,a = −τ
±
x+1,aτ
3
x,aτ
−
x,a = τ
±
x+1,aτ
−
x,a. (39)
Using the relations (38), it is easy to see that the multi-
fermionic wavefunctions (35) in ascending order (36) can
be expressed as the multi-bosonic states,
Ψx1...xna1...an = τ
+
x1,a1 . . . τ
+
xn,an |0〉. (40)
Evidently, the ordering of Pauli matrices on the right side
of this equation is not essential in contrast to the fermion
ordering on the left side. Then the relations (10), (12),
(13), (39) reaffirm the nonpositivity of the basis (40).
Finally note that the basic states keep their from in
the Majorana representation too,
Ψx1...xna1...an = γ
(1)
x1,a1 . . . γ
(1)
xn,an |0〉. (41)
Of course, the Majorana fermions on the right side are
in ascending order.
C. O(N) structure of relative ground states
In the previous section we have selected a nonpositive
basis for the fermionic Hamiltonian (1). In addition, the
Hamiltonian connects any two basic elements belonging
to an invariant subspace (29). Indeed, manipulating suc-
cessively with the fermion hoppings c+x±1,acx,a and pair
annihilations cx+1,acx,a, one can easily transfer any tar-
get basic state from the subspace V La1...am to a m-particle
trial state. All particles there are gathered on the first
site of the chain (36),
Ψa1...am = Ψ
1 ... 1
a1...am . (42)
The above wavefunction transforms as a rank-m anti-
symmetric tensor under the rotations as was already dis-
cussed (8).
According to the Perron-Frobenius theorem, the lowest
energy state in the invariant subspace V La1...am (the rela-
tive ground state) is nondegenerate. Moreover, it can be
expressed as a positive superposition of all basic states
(35) inside this subspace (denoted shortly by Φα),
Ωa1...am =
2N(L−1)∑
α=1
ωαΦα, ωα > 0. (43)
Since the trial state (42) is a member of this family, one
can set Φ1 = Ψa1...am . Due to the rotational symme-
try, the relative ground state must be a part of a single
O(N) multiplet. Otherwise, it would split into mutually
orthogonal pieces, belonging to nonequivalent multiplets.
This fact would lead to a spontaneous symmetry break-
ing in the subspace V La1...am , which contradicts with the
above proven uniqueness condition. Therefore, the state
Ωa1...am has the same O(N) structure as the state Φ1
itself: both wavefunctions belong to different but equiv-
alent multiplets.
In particular, by removing the restriction on the in-
dexes, one can set the lowest state to be antisymmetric
alike the trial one,
Ω...ai...aj ... = −Ω...aj ...ai.... (44)
Selecting anotherm-combination of the flavors, we arrive
at the similar state within the subspace V Lb1...bm . All such
subspaces are equivalent as was established in Sec. III A,
mapped to each other by the flavor exchanges (30), and
produce together a single degenerate m-sector (32).
Summarizing, we come to the conclusion that the low-
est energy wavefunction in the sector with m odd flavors,
VLm is given by a single m-th order antisymmetric O(N)
tensor described by the one-column Young tableau of the
same length,
Ym = Y[1
m]. (45)
The components provide the nondegenerate relative
ground states in the invariant subspaces V La1...am .
Note that according to the representation theory of the
orthogonal group [21], the pair of multiplets, described
by the Young diagrams Ym and YN−m, are mutually
conjugate and related by the Levi-Civita symbol,
Ω′a1...aN−m =
1
m!
∑
b1,...,bm
ǫa1...aN−mb1...bmΩb1...bm . (46)
As SO(N) representations, they are equivalent and char-
acterized by the smallest number among the m and
N − m. Both multiplets are distinguished by the sign
under improper rotations, which maps tensor to pseu-
dotensor. One can mention this sign by the prime so that
O(N) representations are characterised by the Young di-
agrams Ym and Y
′
m ∼ YN−m with m ≤ N/2 provided
that for an even group rank, YN/2 ∼ Y
′
N/2.
For example, the empty diagram is a scalar (singlet)
while the single N -length column, given by the Levi-
Civita tensor, is a pseudoscalar. So, according to our
results, in the even-parity sector, VL0 , the lowest level
state is a scalar, whereas it is a pseudoscalar in the odd-
parity sector, VLN . Similarly, the lowest level state in the
sector with a single odd (even) flavor, VL1 (V
L
N−1) is a
vector (pseudovector).
The relation among the lowest energy levels within the
distinct invariant m-sectors remains an open question.
In particular, the total ground state may coincide with a
single antisymmetric multiplest Ym for some m or it can
be an arbitrary combination of them. Below we show
7that for the particular values of the coupling constants
one can achieve the complete degeneracy when the lowest
energy levels in all sectors coincide. In that case, the rel-
ative ground states (43) from all subspaces V Lσ1...σN form
the 2N -fold completely degenerate total ground state.
D. Decoupled Kitaev chains
Consider the chain (1) without the four-fermion inter-
actions where we set also tx = rx,
H =
N∑
a=1
Ha,
Ha = −
L−1∑
x=1
tx
(
c+x+1,acx,a + cx+1,acx,a + h.c.
) (47)
The related Majorana system (24) is reduced to the N
decoupled Kitaev chains [19],
Ha = −ı
L−1∑
x=1
txγ
(1)
x+1,aγ
(2)
x,a. (48)
In each Hamiltonian, the two boundary Majorana
modes, γ
(1)
1,a and γ
(2)
N,a, are absent. They produce a single
nonlocal fermion, the presence or absence of which does
not affect on the energy spectrum,
[
H, c±a
]
= 0, c±a =
γ
(1)
1,a ∓ ıγ
(2)
N,a
2
. (49)
One can choose the boundary Majorana fermions,
γa = γ
(1)
1,a, to implement the mapping between different
σ-subspaces (26), (27). In this case, they also intertwine
the Hamiltonian’s action on these subspaces. Therefore,
the spectrum in all subspaces V Lσ1...σN are identical. In
particular, the ground state completely breaks the Z×N2
symmetry.
IV. PARTICLE-HOLE SYMMETRY IN O(N)
FERMION CHAIN
A. Particle-hole transformation
In this section we define the particle-hole transforma-
tion and study its properties. For a single fermion, which
we consider first, the particle-hole map may be described
also as a similarity transformation induced by the first
Majorana fermion (16),
γ(1)c±γ(1) = c∓. (50)
A similar map, provided by the second fermion, produces
also an additional sign:
γ(2)c±γ(2) = −c∓. (51)
The above maps separate two Majorana modes within a
single complex fermion: the first (second) map detects
the parity of the second (first) mode.
The transformations (50), (51) generate a Z2 × Z2
group and interchange between the particle and hole,
n → 1 − n with n = 0, 1 meaning the fermion num-
ber. The composition of two transformations (50), (51)
gives the parity operator (18), which alters the sign of
the creation-annihilation operators,
σc±σ = −c±, σ = −ıγ(1)γ(2).
Get back now to the chain model (1) and apply the last
transformation to all fermions located on the odd nodes:
c±x,a → (−1)
xc±x,a. As a result, it alters the signs of the
double-fermion couplings,
tx → −tx, rx → −rx,
without touching the other parts of the Hamiltonian. As
a result, the positivity requirement on these coefficients
(2) may be weakened by setting the same sign for them,
rxtx > 0. (52)
Construct now a global particle-hole map for the entire
system in a way suitable for our purposes. Apply the
transformations (50) and (51) to the even-site and odd-
site fermions, respectively. The resulted conjugation is
given by the following operator,
Γˆ = e−ıϕ
∏
x,a
γ(λx)x,a , (53)
where the function λx separates the odd and even coor-
dinates: λodd = 1 and λeven = 2. Although the operator
order in the product (53) is not relevant, we set, for defi-
niteness, the ascending order (37). As usually, the phase
factor
ϕ = π (LN−1)LN4 (54)
is chosen in order to fulfill the involutivity condition
Γˆ2ph = 1. (55)
Thus, the particle-hole operator Γˆ generates a Z2
group. Obviously, it is unitary, which also ensures
the hermiticity. It (anti)commutes with the Majorana
fermion operators,
Γˆγ(λx)x,a Γˆ = (−1)
LN−1γ(λx)x,a ,
Γˆγ(λ¯x)x,a Γˆ = (−1)
LNγ(λ¯x)x,a ,
(56)
as well as with the reflection operators, see (19),
ΓˆσˆaΓˆ = (−1)
Lσˆa. (57)
In addition, it commutes with the proper rotations (4),
(21),
ΓˆLˆabΓˆ = Lˆab.
8The last two equations uncover the O(N) structure
of the Γˆ. It is a scalar for even-length chains and a
pseudoscholar for odd lengths.
The matrix (53) converts the empty state into the com-
pletely filled one with the prescribed fermion order (37),
Γˆ|0〉 = e−ıϕ
′
∏
x,a
c+x,a|0〉 = e
−ıϕ′ |0〉, (58)
ϕ′ = ϕ− πN2
[
L
2
]
. (59)
Here the barred vacuum means the empty-hole state.
A similar transform of a general basic state (35) pro-
duces an additional sign factor, which may be calculated
using the definitions (53), (16) and relation (56). In par-
ticular, a trial wavefunction (42) converts into the follow-
ing state,
ΓˆΨa1...am = e
−ıϕ′(−1)pL−mΨa1...am ,
p = (N − 1)m+ a1 + · · ·+ am.
(60)
Here again, the bar describes a state in terms of the
holes rather than particles. So, the state Ψa1...am con-
tains the ordered fermions, all except those having the
flavors a1, . . . , am and located on the first node,
Ψa1...am =
∏
(x,a) 6=(1,ai)
c+x,a|0〉. (61)
It is a member of the basis (35), or (36).
In general, any basic state Ψx1...xna1...an has its counterpart
Ψ
x1...xn
a1...an with the holes instead of particles. Clearly, there
is no a Γˆ-invariant state, so that the entire basis splits
into the 2NL−1 such pairs.
We remark that an equivalent particle-hole operator
may be indroduced by applying the alternating local
maps (50), (51) in reverse order (see Ref. [25] for N = 1
case),
Γˆ′ = e−ıϕ
∏
x,a
γ(λ¯x)x,a . (62)
Both matrices are related to each other through the total
fermion parity σˆ =
∏N
a=1 σˆa,
ΓˆΓˆ′ = Γˆ′Γˆ = σˆ for even NL,
ΓˆΓˆ′ = −Γˆ′Γˆ = ıσˆ for odd NL.
B. Particle-hole symmetric O(N) chains
Remember that in Sec. III C the O(N) structure and
degeneracy of the lowest energy states of the fermionic
model (1) is revealed. Here we consider the behavior
of these wavefunction under the additional Z2 (particle-
hole) symmetry.
The particular choice, which distinguishes between the
even and odd sites (53), implies the invariance of the local
Hamiltonians (12),
Γˆ
(
Kx+1,x
Px+1,x
)
Γˆ =
(
Kx+1,x
Px+1,x
)
. (63)
The above equations follows from the relations (56) and
Majorana fermion representations of the K,P operators
(22), (23).
From the other side, the modified potential (11) is not
symmetric and undergoes the following shift,
ΓˆV ′(. . . , nx, . . . )Γˆ = V
′(. . . , N − nx, . . . ).
Consider now the potentials which remain invariant
under the particle-hole transformation,
V ′(n1, . . . , nL) = V
′(N − n1, . . . , N − nL).
This happens, for example, then they depend on the
products (N − nx)nx as in case of the SU(N) Hub-
bard potential. Therefore, the respective Hamiltonians
are also preserved, as can be inferred from the relations
(10), (12), and (63),
[Γˆ, H ] = 0.
The particle-hole structure of the relative ground
states manifests a parity effect on the chain’s size.
For even-length chains, L = 2l, the particle-hole and
reflection symmetries are compatible according to the re-
lation (57),
[Γˆ, σˆa] = 0.
Together they constitute a discrete group Z
×(N+1)
2 ,
which preserves any individual σ-subspace. Due to the
uniqueness condition established in Sec. III C, the relative
ground state remains also invariant under the particle-
hole symmetry. To detect the corresponding quantum
number, we observe that the basic states meet in pairs in
the decomposition (43). The pair members are related by
the particle-hole map, alike, in particular, the two paired
states, (42) and (61). The phase factor in the definition
of Γˆ (59) is trivial, ϕ′ = π(Nl − 1)Nl, and the equation
(60) simplifies to the following one,
ΓˆΨa1...am = (−1)
mΨa1...am .
Both states participates in the sum (43) with positive
coefficients, which have to equal, giving rise to a com-
bined state Ψa1...am +Ψa1...am with the particle-hole par-
ity (−1)m. Clearly, it coincides with the eigenvalue of the
relative ground state (43),
ΓˆΩa1...am = (−1)
mΩa1...am . (64)
For odd -length chains, L = 2l − 1, the particle-hole
transformation anticommutes with reflections (57),
{Γˆ, σˆa} = 0. (65)
9This fact leads to the additional twofold degeneracy of
the energy levels. Indeed, the particle-hole transforma-
tion inverts the parities of all flavors. It matchs the
Hamiltonian’s spectrum on the two invariant σ-subspaces
(25),
ΓˆV Lσ1...σN = V
L
−σ1···−σN .
Therefore the both subspaces have identical spectra. As
a consequence, the two invariant sectors are degenerate
(32),
ΓˆVLm = V
L
N−m.
The exclusion is the sector with m = N/2 for even val-
ues of the group rank N . The double degeneracy occurs
within the sector VLN/2 containing equal number of flavors
with odd and even parities.
V. FURTHER EXTENSIONS AND SPIN
CHAINS
The result on the nondegeneracy and the multiplet
structure of the relative ground state, obtained in the
previous section, remain valid for more general class of
SO(N) invariant ferminic chains. Recall that the local
Hamiltonian (12) is constructed from the blocks (13) us-
ing negative numbers in order to prevent any positive
off-diagonal matrix element in the selected basis (35). In
fact, more members can be added just keeping this rule.
Note that the four-particle interactions in the origi-
nal Hamiltonian (1) are chosen to preserve the number
of fermions of each sort, na. The requirement simplifies
the system but is not necessary. Thus, the interaction
KxyP
+
xy with the conjugate can be included also in the
local Hamiltonain (12). They are responsible for a parti-
cle decay into three particles and the reverse process.
A. Long-range interactions
So far we have deal with the nearest-neighbour inter-
action in the open fermionic chain. The building blocks
of the Hamiltonian (13), which couple two distant sites,
are not yet positive in the basis (40). The simple re-
placement of the fermionic operators with their bosonic
counterparts given by the Pauli matrices (39) is not valid
an cyclic boundaries, other extensions y more. Instead,
the Jordan-Wigner transformation (38) imply a nonlocal
coupling between distant sites, depending on the overall
fermionic parity in all intermediate positions. To avoid a
sign problem, we redefine them for in the following way:
Kyx =
∑
a
τ+y,aτ
−
x,a =
∑
a
c+y,acx,a
∏
x<z<y
σz,a,
Pyx =
∑
a
τ−y,aτ
−
x,a =
∑
a
cy,acx,a
∏
x<z<y
σz,a.
(66)
Clearly, all results about the relative ground states and
their multiplet structure, established for the open chains,
remain valid for an analog of the Hamiltonian (10) with
the long-range interactions,
Hˆlr =
∑
x<y
(
Hyx +H
+
yx
)
+ V ′(n1, . . . , nL). (67)
The interaction between two distant sites depends on pos-
itive coupling constants, as in the adjacent case (12),
Hyx =− tyxKyx − ryxPyx − fyxKyxK
+
yx
− gyxP
+
yxPyx − hyxK
2
yx − eyxP
2
yx.
(68)
B. Cyclic boundaries and translation invariance
Let us restrict ourself by to the cyclic nearest-
neighboring chain. Then the Hamiltonian (10) is sup-
plemented by the boundary part binding the first and
last sites,
Hcyc = H +Hb, Hb = HL1 +H
+
L1. (69)
In order to fulfill the sign rule, the boundary terms are
borrowed here from the long-range model (68). It is easy
to observe that the sign factors, depending on the inter-
mediate fermions, are provided by the total parities σˆa
(66),
KL1 = −
∑
a
c+L,ac1,aσˆa, PL1 = −
∑
a
c1,acL,aσˆa, (70)
which take constant values σa on the invariant subspaces
V Lσ1...σN . Thus the boundary conditions depend on the
individual subspaces.
Let us restrict to the sector with negative parities,
VLN = V
L
−···−, and the site-independent coupling con-
stants. Define the one-site translation,
Tc±x,aT
−1 = c±x(modL)+1,a.
Evidently, it commutes with the O(N) symmetry, includ-
ing the parity operators,
[T, σˆa] = 0. (71)
Then it is easy to see from the above equations that the
boundary operators are translated in the following way,
TKL1T
−1 = K+12, TPL1T
−1 = P12.
Therefore, the boundary Hamiltonian (69) maps to the
H12 +H
+
12 ensuring the translation invariance of the re-
stricted Hamiltonian, Hcyc.
The eigenvalues eip of the T are given by the lattice mo-
mentum values p = 0, 2piL , . . . ,
2pi(L−1)
L . We affirm that the
relative ground state of the translation-invariant Hamil-
tonian in the odd sector, σa = −1, is a pseudoscalar with
zero momentum,
TΩ12...N = Ω12...N . (72)
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One can use the arguments similar to those in the
proof of Eq. (64). Using the translations, circulate the
trial state (42) to all nodes and take the sum to get a
translation-invariant state,
Ψ =
L−1∑
l=0
T lΨ12...N , TΨ = Ψ. (73)
It is easy to observe that the above state takes part in the
combination (43). Due to the uniqueness condition, the
state Ω12...N has the same momentum quantum number
and obey the equation (72).
Note that for the even-size chains with odd Majo-
rana modes per site (which is not our case with the 2N
modes), the commutator in (71) is replaced by the anti-
commutator. As a result, the twofold degeneracy appear
with the supersymmetry behind it [27]. This resembles
a similar behavior (without a supersymmetry) in case
of the particle-hole symmetry and odd-size chains [see
Sec. IVB, (65)].
C. Mixed-spin chains
The six and more fermion exchange terms may also
contribute in the local interaction. Among them there
are the second- and higher-order SO(N) Heisenberg spin
exchanges (15).
Consider the limiting case when all other terms are
absent so that the Hamiltonian acquires the following
form,
Hˆs =
∑
x
(
J (1)x Lx+1 ·Lx − J
(2)
x (Lx+1 ·Lx)
2
)
(74)
with the constants obeying J
(k)
x > 0. The positivity con-
dition may be weaken for the second coupling [20]. The
higher powers of the Heisenberg exchange (15) may be
involved too. In order to fulfill the required sign rule,
they must be with alternating couplings, (−1)k+1J
(k)
x .
Clearly, the above Hamiltonian keeps unchanged the
local intrinsic spins given by the antisymmetric repre-
sentations Ymx and, hence, the number of fermions per
site, nx = mx. Thus, the entire Hamiltonian has a block
diagonal form with LN+1 parts, according to all possi-
ble distributions of the fermion numbers mx = 0, . . . , N
along the chain nodes. Moreover, the trivial represen-
tations, mx = 0, N , appearing anywhere, cut the chain
into the two disjoint pieces. We get in this way a set
of chains containing no more than L nodes with mixed
SO(N) spins mx, distributed along the sites and taking
the values,
1 ≤ mx ≤ N − 1. (75)
The particle-hole transformation Γˆ (50) intertwines be-
tween any two chains composed from the mutually con-
jugate representations with mx and N−mx fermions per
node, ensuring the equivalence of both Hamiltonians.
Select now a single chain from this family and keep the
old notations (for the length, invariant sectors, the lowest
level states there, etc.) the same to avoid new entries.
Clearly, the total amount of fermions and the total
parity σˆ = (−1)nˆ take constant values,
n =
N∑
a=1
na =
L∑
x=1
mx,
σ =
N∏
a=1
σa =
L∏
x=1
(−1)mx .
As a result, the reflection symmetry for spin chains is
reduced to the Z×(N−1) group composed from N − 1
independent parities.
Hence, the allowed invariant sectors VLm (32) have to
obey the parity rule,
(−1)m = σ. (76)
Of course, they are still
(
N
m
)
-fold degenerate, but their
dimensions are essentially less comparing with those in
the parent, fermionic chain. Note that a single Majorana
fermion γa alters the total parity value, taking beyond the
spin chain’s space of states. Therefore, the equivalence
relation between two σ-subspaces (26) is not valid any
more. Moreover, their dimensions differ, in general.
In particular case when each node is occupied by a
single fermion, mx = 1, we arrive at the SO(N) invariant
spin chain in the vector (defining) representation, already
considered in the current context [20]. Note that the
translational invariant system becomes integrable for a
special value of the second coupling, J (2) [28]. Following
from the common parity rule (76), the total parity must
equal the length’s parity, σ = (−1)L.
One can spread out the results in Sec. III C to the
spin chain system. In particular, the ground state in the
sector VLm is given by a single m-th order antisymmetric
O(N) tensor with the components Ωa1...am , producing the
unique relative ground states in the subspace V La1...am .
The proof repeats the steps for the parent model from
Sec. III. The connectivity of the spin Hamiltonian (74) in
the nonpositive basis (36) inside a restricted σ-subspace
is easy to establish using the representation (15). Due to
the uniqueness and continuity, the multiplet type of the
relative ground state remains unchanged along the path
connecting the Hamiltonians (1) and (74). Alternatively,
one can look for a more complex trial wavefunction than
the state (42), which may go beyond the space of the spin
chain states, see [12, 20]. For instance, one can set
Ψa1...am =
∑
s
Ψ
xs1 ...xsm
a1...am , (77)
where the sum is taken over the nontrivial permutations
of a chosen coordinate set x1, . . . , xm. It is easy to see
that the above wavefunction is antisymmetric in the fla-
vors.
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